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Abstract

Existing methodsof morphing 3D meshesare often
limited to casesin which 3D input meshego be morphed
are topolagically equivalent. This paper presentsa new
methodfor morphing3D mesheshaving different surface
topolagical types. The most significant featue of the
methodis that it allows explicit control of topolagical
transitionsthat occur during the morph. Transitions of
topolagical types are specifiedby meansof a compact
formalismthat resultedfroma rigorousexaminationof sin-
gularities of 4D hypewsurfacesand embedding®f meshes
in 3D space Usingthe formalism,every plausiblepath of
topolagical transitionscan be classifiedinto a small set
of cases.In order to guidea topolagical transitionduring
themorph,our methodemploysa key-framethat bindstwo
distinct surfacetopolagical types. The key-frameconsists
of a pair of "faces”, eadt of which is homeomorphido
one of the source (input) 3D meshes. Interpolating the
souice meshesand the key-frame by using a tetrahedal
4D meshandthenintersectingthe interpolatingmeshwith
another4D hypesurfacecreatesa morphed3D mesh.\We
demonstatethepowerof our methodolgyby usingsereral
examplesf topology transcendingnorphing

Keywords: 3D mesh morphing topolaogical evolu-
tions, 4D hypesurfaces, tetrahedal meshes, critical
points,topolagical handles embeddingsey-frames

1. Intr oduction

Recenimovies, TV adwertisementsandcomputeigames
have succeededh generatingastonishingvisual effectsby
using a shapeblendingtechniquecalled morphing The
morphingtechniques appliedto entertainmentindustrial,
and medicalapplicationsfor example3D contentsdesign
andmedicalvisualization. Shapemorphinghasbeenstud-
ied since around1980s,and mary algorithmshave been
devisedespeciallyfor morphing2D images. Recently 3D
shapemorphinghasgainedspecialattentiondueto its abil-
ity to producestunningvisual effects. Several algorithms
realizedsmoothmorphingsequencesf 3D meshes.

Oneof thekey problemsin 3D meshmorphingis a cor
respondenceroblem,which is definedto be a problemof
how to make a parametrizatiorcorrespondencbetweena
sourceanda destinatior3D meshesGregory etal. [3] and
Kanai et al. [4] successfullysolved this problem by em-
beddinginput 3D meshesnto a sphereor a disk andthen
finding the parametrizatiortorrespondencthere. Further
more,Leeet al [5] usedthe multiresolutionanalysisin or-
derto solve the correspondencproblemvia coarse-to-fine
parametrizatiomatching.However, thesemethodsarelim-
ited to casedn which 3D input meshedo be morphedare
topologicallyequivalent(i.e.,homeomorphic).

To our knowledge,only a few methodshave beenpro-
posedhattry to morphbetweershape$aving different3D
surfacetopology

DeCarloandGallier [1] presentech methodof specify-
ing the topological evolution of 3D meshesby inserting
intermediate3D meshedn betweenthe input (i.e., source
and destination)meshes. However, they did not consider
all the possiblealternatves of topologicaltransitions,and
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Figure 1. Ambiguity in topological evolution:
Morphing from two spheres to one sphere .

theirintermediateshapesregenerated anadhocmanner
withouta systematianodel. Turk andO’Brien [13] consid-
ereda4D implicit surfacethatdirectlyinterpolatecbetween
input 3D meshesandthengeneratech 3D meshmorphing
sequencdy extractingisosuriceswith respecto thetime.

While their methodcanautomaticallyproducetopological
evolution betweenary pair of 3D meshesit doesnot offer

ary way to explicitly specifythe topologicalevolution out

of possiblecandidateshroughuserinteraction.

Figure 1 shavs several alternatve ways to morph be-
tweentwo spheresinto one sphere;(a) the right sphere
disappearsvhile the left onesurvives, (b) two spheresare
joined to becomea single sphere,and(c) both of the two
sphereglisappeaanda new sphereappearsAs evidenced
in the examplesof this figure, it is not possibleto uniquely
determinehetopologicalevolution only from theend(i.e.,
the sourceandthe destination)3D meshes.Thus,a mech-
anismto explicitly control suchtopological evolutions is
calledfor. Furthermorethe mechanisnshouldbe founded
on a rigorous mathematicamodel of surfacetopology so
thatthe modelrulesout suchanomaliesasself-intersection
in evolving meshsurfaces.

This paper presentsa nev method for morphing 3D
mesheshaving different surface topological types. The
foremostcontribution of this paperis a compactformalism
to explicitly and preciselyspecify the type of topological
transitionof 3D shapeghat mustoccurduring the morph.
The paperalso presentsan implementationof the formal-
ism, which is basedon our previous meshmorphing al-
gorithm[8] thatemployed directinterpolationof input 3D
meshedy usinga 4D tetrahedraimesh. We demonstrate
the beautyand power of the formalismandits realization
by examplesof topologytranscendinghapemorphing.

In this paperwe assumehatinput3D meshesreclosed
and orientable and hencecan be embeddedn 3D space
without ary self-intersections. This assumptionexcludes
unusualsurfacessuchas Mobius strips, projective planes,
andKlein bottlesfrom the subjectof the presenpaperand
allows usto enumeratell the acceptablé¢opologicaltran-
sitionsof 3D meshes.
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Figure 2. A critical point of a 4D hyper surface
shown as a set of its 3D projections.
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Figure 3. Four topological handles.

Thispaperis organizedasfollows. Section? presentshe
completdlist of all the possibletopologicaltransitionsdur-
ing the morph between3D mesheshaving differenttopo-
logical types. This list comesfrom a rigorousinvestigation
of singularitytheoryfor 4D hypersuréces.Our new mor-
phing algorithmbasedon this investigationis describedn
Section3 wherewe detailhow to explicitly controlthetype
of topologicaltransitionof 3D meshes.Section4 demon-
strateshe power of the presenimethodologyby usingser-
eral simplemorphingresults,and Section5 concludeghis
paperandrefersto futurework.

2. Classification of Topological Transitions

As describecdkarlier ourmorphingalgorithmdirectlyin-
terpolateggiven3D meshesy usinga 4D tetrahedraimesh
(i.e.,discretizedsersionof 4D smoothhypersurace) which
isembeddedh 4D spacespannedy z, y, z, andt (or time)-
axes[8]. Here,acritical point of a 4D hypersuréceis de-
fined asa point whereisosuriceswith respecto time (t)
split or join asshawn in Figure 2. If atopologicalevolu-
tion occursduringthe morph,it occursata critical point of
theinterpolatingdD hypersurice.Rigorousexaminationof
the behavior of the 4D hypersurécearounda critical point
resultedin a simple classificationof all the possibletopo-
logical transitions.

Accordingto the Morselemma,theshapeof aninfinites-
imal neighborhoof the4D hypersurcearounda critical
point is catggorizedinto one of the four quadraticforms
of f asits local coordinatesif the critical point is non-
degenerate:

—2?2—9y? — 22 (3 (index3)
/= -2 —y2+ 22 Oy (index2) 1)
) —22 492 +22 Cp (index 1)

22 4+9% +22 Cp (indexO0).

Here,theindex representshe numberof negative eigerval-
uesof theHessiamatrix atthecorrespondingritical point.
This allows usto classifythe critical pointsof a 4D hyper
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Figure 4. Topological transition invoked by
a topological handle Hs.
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-~

(d) Makesaring.

Figure 6. Topological transitions invoked a

the topological handle Hs.

surfaceinto four typesaccordingo theirindices:C3 (index
3), C5 (index 2), C (index 1), andCy (index 0).

Fomenlo andKunii describedn theirbook[2] thattopo-
logical transitionarising from thesecritical points canbe
invokedby attachingoneof four topological handlesto ex-
isting isosurfices.Figure 3 illustratesthe four typesof the
topologicalhandlesH3, Hs, Hy, and Hy, eachof which
correspondso C3, Cs, Cy, andCy, respectiely. For exam-
ple, the topologicalhandle H; invokesan appearancef a
new isosurbiceasshavn in Figure4. Corversely thetopo-
logicalhandleH, makesanexistingisosurbicedisappeaas
shawvn in Figure5b.

ThetopologicalhandlesH, and H; generatenorecom-
plex behaior whentheembeddingsf time-varyingisosur
facein 3D spacearetakeninto account.In the caseof 2D
isocontoursShinagavaetal. [10] employedatreestructure
to effectively describeghe inclusionrelationsof contours
on 2D planein their 3D surface coding system. Our al-
gorithmextendstheir frameawork for describingthe embed-
dingsto the casehaving one higherdimension thatis, the
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Figure 5. Topological transition invoked by
a topological handle Hy.
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(a) Splitsanisosurgceinto two.
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(b) Closesa holeto createaninternalvoid.
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(c) Closesathrough-hole.
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(d) Cutsaring.

Figure 7. Topological transitions invoked by
a topological handle H;.

inclusionrelationof time-varyingisosurficesn 3D space.

We begin by examining the behaior of the topologi-
cal handleH,. Thetopologicalhandle H, alwaysmerges
two isosurficeregionsinto oneasshavn in Figure6. Fig-
ures6(a) and (b) shav the caseswherethe two regions
aredisconnectedvhile Figures6(c) and(d) shav thecases
wherethe two regionslie on the sameconnecteccompo-
nent. Thesetwo groupscanbe classifiedfurtherdepending
on the embedding®f isosurkicesin 3D space.The former
two casesare classifiedby consideringreerepresentations
of the isosurfices’inclusionrelations. Expressedn inclu-
sion relationtrees,the two isosurbcesare sibling in Fig-
ure 6(a) while a parentand a child in Figure 6(b). (Note
in Figure 6(b) thatthe two concentriccirclesin the figure
denotetwo concentricspheresn 3D.) Thelattertwo cases
areclassifieddependingon whetherinsideor outsideof the
isosurficethe topologicalhandle H; is attached. In Fig-
ure 6(c), the topologicalhandle H, meldstogetherthe two
innerfacesof anisosurbice,andin Figure6(d) it meldsto-
gethertwo outerfaces. The topologicalhandle H> yields



thetotal of four topologicaltransitionsshovn in Figure6.

Corversely the topologicalhandle H; revertsthe topo-
logicaltransitionscausedy thehandleHs, i.e., it splitsone
isosurficeregioninto two. As aresult, H; inducesthefour
topologicaltransitionsasshown in Figure?7.

The classificationillustratedin Figures4—7 enumerates
all the possiblecasef topologicalevolution. An arbitrar
ily complex topologicaltransitioncanbe createdby com-
bining theseten simple casef topologicaltransitionsin-
voked by the four topologicalhandles. Recallthat we as-
sumedary time-varying isosurbice to be orientableand
hencebeembeddablén 3D space.

Topologicaltransitionsmay include degeneratecritical
points, for example, the casein which more than two
spheressimultaneouslyadjoin at a discretepoint, and the
casein which a pair of spheresadjoinsat a line segmentor
a at a finite area. Our presentclassificationof topological
transitionsfundamentallyassume& 4D interpolatorhyper
surfacehaving only non-deyenerateritical points. This as-
sumptionis notacritical limitation, however. Any degener
aogy canbe handledby our formalismby first decomposing
thedegenerag into a sequencef non-dgyeneratéopologi-
caltransitionghatoccuratnon-zerdime intervalsandthen
reducingthe time intervalsto zero. (Detailsof this process
canbefoundin [9] for thecaseof 3D surfaces.)Thus,in the
following, we will found our formalismon the assumption
of non-deyenerateritical points.

3. Algorithm

Basedon the formalism describedn the previous sec-
tion, we extendthe shapemorphingalgorithmby Ohbuchi
etal. [8] sothattransitionsof surfacetopologycanbe con-
trolled explicitly while morphing3D mesheghat have dif-
ferenttopologicaltypes.Procedurallyanew stageto gener
atewhatwe call key-frameis addedo their shapemorphing
algorithm,asshovn in Figure8. Thekey-frame,whichwill
be detailedlater, is the tool we devisedto realizethe ef-
fect causedy thefour topologicalhandles.In this section,
we presentthe overview of our new shapemorphingalgo-
rithm. We briefly review Ohbuchi et al’'s shapemorphing
algorithm describedin [8] aswell asthe nenv stepadded
for the explicit control of topologyduring a topologytran-
scendingmorphing.

Our updatedshapemorphingalgorithm consistsof the
following six stepg(SeeFigure8.):

1. Multiresolutionanalysis

2. Key-framegeneation

3. 4D basetetrahedial meshgeneition
4. 4D tetrahedmal mestrefinement

5. 4D tetrahedial meshsmoothing

6. 3D time-varyingisosurfacextraction

The secondstep,key-framegenerationis the stepaddedto
explicitly controltopologicaltransitions.Eachstepwill be
explainedin moredetail in the subsequensubsectionsin
the restof this paper we denotetwo input 3D mesheshy
M, (the sourcemesh)and M, (the destinationmesh),and
thefourth dimensiontime, by ¢.

‘ Multiresolutionanalysi#
v
| Key-framegeneratior)

¥
| 4D basetetrahedrameshcreatior|

'

| 4D tetrahedrameshrefinement

‘ 4D tetrahedrameshsmoothinq

‘ 3D time-varying isosurfaceextraction‘

Figure 8. Flow chart of our algorithm; The key-
generation step is newly introduced to the al-
gorithm.

3.1 Multir esolution Analysis

Theinput3D meshesrewavelet-analyzedo construcia
pyramidalhierarchycalleda multiresolutionrepresentation
usingthe framawork of Lounsberyetal. [7]. The analysis
first simplifieseach3D meshto find a coarsemeshthatap-
proximatesthe original shapeof the input mesh,andthen
reparametrizethesimplifiedmeshto constructa coarse-to-
fine meshhierarchy Sincethe resultanthierarchyrequires
1-to-4subdvisionconnectvity, we employedthe MAPS al-
gorithmproposedy Leeetal. [6] for thetask.

Figure9 shavs examplesof multiresolutionrepresenta-
tionsof atorus(M,) andasphergMy), in which M¢ (M?)
represents.reparametrizecheshof M, (M) atresolution
level i. Here,meshestlevel O (i.e., M2 and M) sene as
abasisfor meshrefinementathigherresolutionlevels1, 2,
and3. Therefinedmeshatthehighestresolutionlevel is the
remeshedersionof theinput 3D mesh.

As we will discusslaterin Sections3.3-3.5,our algo-
rithm first constructsa 4D interpolatingtetrahedralmesh
betweerthe coarses8D meshesthatare M and M9, and
thenrefinesand smootheghe tetrahedrameshto createa
smooth3D meshmorphingsequenceThisapproachwhich
applieswavelet-basednultiresolutionanalysisboth to the
interpolatingtetrahedrameshandto theinput (i.e., source
anddestinationmesheshastwo advantagesFirst,we only
needto constructthe key-frame at the coarsestesolution



level to bridgetheinputmeshestthatresolutionlevel, that
are, M? and M2. Themeshes\/? and M retainsurface
topology of the original input meshes\/; and M, despite
their simplified vertex connectvity andgeometry The key-
framedesignedtthe coarsestesolutionlevel performsthe
task of uniquely bridging disparatetopology of the input
meshes. Details of the key-frame generatiorwill be dis-
cussedn Section3.2. Secondthemultiresolutiorhierarchy
alsoallows usto modify the shapef theinterpolatingdD
tetrahedrameshby usingdifferentgeometricconstraintsat-
tachedsimultaneouslyat multiple resolutionlevels of the
interpolatortetrahedramesh.The constraintsolvedduring
the meshsmoothingstep(Step5) [11], allows usto intro-
ducevariousshapemorphingeffects, suchas exaggerated
or spatiallynon-uniformshaperansitions.

M2 M
)
/( 1'%\

\
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Level 0 Levell
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Mg Mg

Figure 9. Multiresolution
torus and a sphere.

torus
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3.2 Key-frame Generation

The goal of this researchs to explicitly and precisely
control a topologicaltransition(or transitions)that should
occurduring a morph. To achieve this goal, our algorithm
insertsanintermediateshapecalleda key-framein between
the input 3D meshesat the point, both in time and space,
wherethetopologicaltransitionshouldtake place. Thekey-
frameplaysanessentiatole in implementingthetopologi-
caltransitionsenumerateth FiguresA—7causedy thefour
topologicalhandlesHy—Hs.

The key-frame hastwo “faces”,eachof which hasthe
topological type equialent to one of the two input 3D
meshedo be morphed. Here, the two “faces”areimple-
mentedas3D meshegalledkey-mesheslenotedy K ; and
K4, which are homeomorphicrespectiely, to the source
anddestinatiormeshes\/? and9. Noteherethatthekey-
meshesK; and K; have the samevertex coordinatesand
hencethe samegeometricshape despitetheir discrepang
in surfacetopology(i.e., vertex connectvity). Examplesof
the key-mesheswill be presentedaterin Figure11. This
dual-facedkey-frame bridgesthe topologicaldifferenceof
thetwo input meshesM/? and M9. A key-frameis anem-

bodimentof a topologicalhandlepastingoperation. The
two faceq(i.e., key-meshespf the key-framerepresentwo
statesthe statesbeforeandafter the topologicaltransition
causedy atopologicalhandle.

Let us considerthe example of morphing a torus (a
sourcemeshM?) into a sphere(a destinationmeshz?).
Thekey-frameis generatedby the stepsbelow:

1. Topologicaltransitionselection:

Desiredtopologicaltransitionis selectedrom thepos-
sible candidatesof Figures4—7. The morphingbe-
tween a torus and a sphereinvolves the topological
transitionshavn in Figure7(c).

2. Topologicalhandledesign:

A region to which the correspondingopologicalhan-
dle is pasteds selected.This is doneby picking ver
ticesboundingthe closedsurfaceareathatadjoinsthe
topologicalhandle. Figure 10 shows, in gray, there-
gion andits correspondingopologicalhandle H; to
be pastedtogether The geometryof the topological
handleis generatedo thatthe handlefills the hole of
thetorus.

\ region for pasting
toﬁéi\cal handle

Figure 10. A topological
where it is pasted.

handle and a region

3. Critical point positioning:

This steptakes userspecified4D coordinatesof the
critical point, the spatialpoint at which the topologi-
cal transitionoccurs. We canspecifyits 3D (z, y, z)-
coordinatessthe barycenteiof the verticescontained
in the region for pastingthe topologicalhandle. The
t-coordinateis set, by default, at the midpoint (in
the time axis) betweenthe sourceand destination3D
meshes.Thatis, our algorithmdefinesthe time inter-
val for morphingas|0.0, 1.0] andsetsthe ¢-coordinate
to 0.5. Notethatthet-coordinateof thecritical pointis
freeto move during the smoothingsteplater (cf. Sec-
tion 3.5) while its spatial(3D) coordinatesarefixed.

4. Sourcekey-mesh(K ) generation:

Thecoordinate®f theverticesin thepastingregionare
setto thoseof the critical point specifiedabove. The

left-handsideof Figurel1(d)shavsanexampleof this

operation.The resultantmeshsenesasone“face” of

the key-frame,i.e, the sourcekey-meshK . Sincethe

sourcekey-mesh K, anda torus (M?) are topologi-

cally equivalent,we caneasilyestablistthetetrahedral
meshfor interpolationbetweerthem.
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(b) A key-frameto join two disconnectedsosuraicegcf. Figure6(a)).

Ky critical point

(c) A key-frameto closeanopeninginto a void within asolid (cf. Figure7(b)).
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(d) A key-frameto plug a hole of atorus(cf. Figure7(c)).
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(e) A key-frameto cutthering of atorus(cf. Figure7(d)).

Figure 11. Examples of key-frames, each of whic h consists of a pair of key-meshes K, and K.

critical point
K

—




5. Destinatiorkey-mesh(K ;) generation:

Predefinedopologicalhandleis attachedo thesource
meshM?, andthe areato which the handleis pasted

is eliminated. This producesa nev meshM? thatis
topologically equivalentto the destinationmesh /2.
Again, the coordinatesof the verticesin the pasting
region aresetto thoseof the critical point. In the case
of the exampleof morphingatorusinto a spherethe
right-handsideof Figure11(d)depictsthis operation.

Note that, althoughthe two facesof the key-meshes
K, and K; have the samegeometricalcoordinatesthey
have differentsurfacetopology In this example,while the
sourcekey-meshK ; andthedestinatiorkey-meshK; look
the same,they aretopologically different. The K; hasa
sizezerohole of a toruswhile the K; hasno hole for the
hole was pluggedwith the topological handle H;. The
key-frame thus uniquely bridgesthe differencein surface
topologicaltypesbetweernthe torusandthe sphere sothat
topologicaltransitionof Figure7(c) is uniquelyandunam-
biguouslyselectedut of the four alternatvesthatcouldbe
causedvy the handle H; (cf. Figure7). Without the pre-
cisespecificationany combinationof the ten topological
transitionsin Figures4—7 mighthappen.

A key-framegeneratedhroughthesimilar stepcouldun-
ambiguouslycauseary one of the topologicaltransitions
listedin Figures4—7. For example,the topologicaltransi-
tions of Figuresb, 6(a), 7(b), and7(d) arerealizedby gen-
eratingthetopologicalhandlesshavn in Figuresl1(a),(b),
(c),and(e), respectiely.

It shouldbe emphasizedherethatthe geometriccoordi-
natesof the key-framehave little influenceon theresultant
morphingsequencebecausds vertex coordinatesirevari-
ationally optimizedby using smoothfiltering asdescribed
in Section3.5. It is thussuficient to designthe geometric
shape®f thekey-framesonly approximately

3.3 4D BaseTetrahedral Mesh Generation

Our morphingalgorithm directly interpolatesinput 3D
meshesby using a 4D tetrahedralmeshin 4D spaceof
z, ¥, 2, andt (time). To accomplishthis, the baselevel
(thatis, coarsestesolution)input 3D meshesV/? and M
areplacedsothatthey sandwichthe key-framein thetime
axis. As discussedn the previous section,the key-frame
is a single objectwith two “faces” K, and K4, eachof
whichmatcheghesurfacetopologyof eachof thetwo input
meshes4D tetrahedraf theinterpolatorhypersurfaceare
stuffed in betweerthe meshes\/? and K; andthe meshes
M9 andK,.

In the example of morphinga torus M? into a sphere
MY, Figure 12 illustrateshow the source key-frame,and
thedestinatiormeshesrelinedupin time. Figurel3shavs

theinitial interpolatortetrahedrameshcreatedby stuffing
tetrahedran betweerthe source key-frame,andthe desti-
nationmeshes.A “face” K of the key-frameis topologi-
cally equivalentto the base-leel sourcemeshi?, andan-
other‘face” K ; of thekey-frameis topologicallyequivalent
to M9. Thus,tetrahedraanbe stuffed betweerthe meshes
M? and K aswell asthemeshesk; and M} to createthe
tetrahedrainterpolatorsurfaceasshavn in Figure13.

This "dual-face” key-frame approachenabledour new
algorithm to morph mesheshaving different topological
typeswithin the framework of our previous shapemorph-
ing algorithm[8] thatcouldonly morphbetweer8D meshes
having the sametopologicaltype.

homeomorphic  homeomorphic

M & Ks Ka = M
=P =P
tetrahedral tetrahedral
mesh mesh

Figure 12. Stuffing tetrahedra in between 3D
meshes and a key-frame .

s e
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Figure 13. Initial interpolation between base
3D meshes and a key-frame by using a 4D
tetrahedral mesh.

3.4. 4D Tetrahedral Mesh Refinement

Thebasetetrahedramesh which hasonly a smallnum-
berof vertices,is limited to representin@ very coarsemor-
phed3D shapeslin orderto smoothlyapproximateomple
morphingsequencesf 3D meshespur algorithmincreases
the degrees-of-freedonof the tetrahedraimeshby apply-
ing 1-to-8 subdvision rule asshown in Figure 14 to every
tetrahedronnvolved.

Figure15 shows atetrahedrameshobtainedby refining
the basetetrahedraimeshof Figure 13 threetimes. Note
that, with eachsubdvision of the tetrahedralinterpolator
meshjnputmeshed//,; andM; arealsorefinedsothattheir
vertex coordinatesbecomeidenticalto thoseobtainedby
the multiresolutionanalysisstepdescribedn Section3.1.
For example,the tetrahedrameshof Figure 15 containsa
reparametrizedorus M2 and sphereM? atits ends. Af-



ter the smoothingstepdescribedn the next section thein-
creasedlegrees-of-freedonof the tetrahedrameshallows
us to smoothlyinterpolatethe original 3D meshesandthe
key-frame.

Figure 14. The 1-to-8 symmetrical subdivision
rule for tetrahedra.

3.5. 4D Tetrahedral Mesh Smoothing

Therefinedandsubdvidedtetrahedraimeshis variation-
ally optimizedso thatit can producea smoothmorphing
sequenceof 3D meshes. The variational optimizationis
implementedasan iterative methodusinga 4D versionof
Gaussian-basesimoothingfilter [12]. The variationalop-
timizationtreatsthe vertex coordinatef the critical point
andtheinput 3D meshesV/{ and M} (atresolutionlevel i)
asgeometricconstraints. The usermay imposeadditional
4D geometricconstraints,suchas points and curves em-
beddedn 4D spacepnthetetrahedramesh.Thanksto the
multiresolutionrepresentatioframeawork, theseadditional
constraintamay be addedat multiple resolutionlevels[11]
to manipulatethe shapef theinterpolatorsurface. These
userspecifiedconstraintsare usedto imposefeaturecorre-
spondencandto createsuchmorphingeffectsasspatially
non-uniformshapeéransitiong8].

3.6. 3D Time-varying IsosurfaceExtraction

In this final step, the resultantinterpolatortetrahedral
meshis intersectedvith anothedD hypersuréceto extract
aninterpolated3D mesh. This is accomplishedy finding
the intersectiondetweerthe 4D surfaceandeachtetrahe-
dronincludedin thetetrahedramesh.Theintersectiorbe-
comesa set of triangleswhich in factis the interpolated
(morphed)3D mesh.

yo Xt
Figure 15. 4D tetrahedral mesh at level 3.

4. Experimental Results

This sectionpresentseveral examplesof morphingbe-
tween3D mesheshaving differenttopologicaltypes. The

topologicaltransitionsareexplicitly controlledby usingthe
methodpresentedn this paper Our systemis implemented
onaPCplatform(Intel Pentiumlll CPU700MHz with 512
MB memory),andthecomputatiortime for eachof thefol-
lowing examplestook about10 minutes.This computation
includesall the shapemorphingsteps,i.e., reparametriza
tion, initial meshingrefinementssmoothingandshapesx-
traction(cf. Sections3.1,3.3-3.6) exceptfor thekey-frame
generatiorthatrequiresuserinteraction(cf. Section3.2).

Figures16(a), (b), (c), (e), and (f) presentthe morph-
ing betweer3D meshesaving differenttopologicaltypes,
whichinvolve thetopologicaltransitionsof Figures5, 6(b),
7(b), 7(c),and7(d), respectiely.

Note that the topological transitionsof Figures16(a)
and (b) realize the casesof Figures1(a) and (b). Fig-
ure 16(c) shaws a topologicaltransitionin which a surface
closesa hole connectinghe outersurfacewith theinternal
void. The closingtransitionyields a parent-childrelation
betweenthe two disconnectedsurfaces,the outersurface
andtheinnersurfacedefiningthe void. Figure16(d)shavs
atranslucentenderingof the topologicaltransitionof Fig-
ure 16(c), which makes the inner spherevisible through
the outersurface. Figures16(e)and(f) revealtwo waysto
morphatorusinto asphereby attachinga singletopological
handleH;. In Figure16(e),the handleH; is pastedo the
outersurfaceof the torus,while in Figure 16(f), the same
handleis pastedo theinnersurfaceof atorus. A topolog-
ical handleH; could alsotransforma connectedori into a
simpletorus,which resultsin the "8”-to-"0" morphingse-
guenceshown in Figure16(g).

Theseesultsdemonstratéheability of ourmethodology
to explicitly controlthetopologicaltransitionsbetweer3D
mesheshaving differenttopologicaltypes.

5. Conclusion

We have presentech nev methodto explicitly control
morphingbetween3D meshesaving differenttopological
types. Our methoddirectly interpolatesbetweenthe input
3D meshedvy usinga 4D tetrahedrahypersuréce. If the
3D meshedave differentsurfacetopologicaltypes,thein-
terpolatorhypersurbice must containone or more critical
point. By pastinga topological handleto relate the 3D
meshesroundthecritical point,our methoduniquelyspec-
ifiesthetopologicalevolution of the 3D mesheshroughthe
critical point of the 4D hypersurfce. We showved that all
the possibletopological transitionsare classifiedinto ten
types,andthat only four kinds of topologicalhandlesare
necessaryo specify one of theseten types. We have in-
troducedwhat we call key-framesto implementthe effect
of the topologicalhandle. A key-framehastwo facesthat
are,3D meshedaving differenttopologicaltypes,eachof
whichis homeomorphito oneof theinput3D meshesThe
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(a) Oneof thetwo isosurbicedisappearécf. Figureb).
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(b) Two disconnectedsosurficegoin (cf. Figure6(a)).

O2239

(c) Theopeningto a void within asolidis closed(cf. Figure7(b)).

200000

(d) Thetranslucentenderingof (c).
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(e) Theholeof atorusis plugged(cf. Figure7(c)).

() Thering of atorusis cut (cf. Figure7(d)).

960800

(g) Morphingbetweeri'8” to “0” (cf. Figure7(d)).
Figure 16. Morphing results.
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two facesof the key-frame bridge two surfacetopologies
beforeandafterthetopologicaltransition,whichis induced
by oneof thefour topologicalhandles.

The formalism presentedn this paperallowed us to
specify spatialinclusionrelationshipsof time-varying sur
facesat ary pointin time by tracingthe sequencef topo-
logical transitions.For a non-expertuserto take advantage
of this powerful formalism,we obviously needa cornvenient
userinterfaceto specifyoneof thetenpossibletopological
transitionsenumeratedn Figures4—7. Note herethatthe
useris on a safegroundsinceour formalismautomatically
excludessuchtopologically unsoundeventsasillegal sur
faceself-intersectionTheuserinterfacemustalsoallow us
to easilyspecify necessaryeaturesof a key-frameneeded
to realizethe topologicaltransitionspecified. In addition
to the desiredtopologicalchangea key-frame mustknow
a point, both in time and space,of topologicaltransition.
It mustalsohave anappropriategeometryaswell asvertex
connectvity sothatthemeshebeforeandafterthetopolog-
ical transitionsarecompatiblewith thekey-frame.We need
to develop a multiresolutionframework suitablefor gener
ating a key-frameandcorrespondingourceandtarget 3D
mesheghat arecompatiblewith eachotherboth geometri-
cally andtopologically

It is important to incorporate degeneratetopological
transitions(cf. Section2) into our framework, which could
producemoreattractive morphingeffects.Handlingof open
surfaceds animportantareaof futureresearctor suchsur
facesarequite commonamongexisting meshmodels.Em-
beddingpropertiesotherthaninclusion,for example,knot-
ting, is alsoanareaof our futureresearch.

Acknowledgments

This researclhis supportedn partby grantsfrom Japan
Societyof the Promotionof SciencgGrandNo. 12780185
andNo. 12680432) andthe HayaoNakayamaroundation
for Science& TechnologyandCulture.

References

[1] D. DeCarloandJ. Gallier. Topologicalevoloution of sur
faces.In Graphicsinterface’'96, pagesl94—-203,1996.

A. T. Fomenlo andT. L. Kunii. Topolgical Modelingfor
Visualization chapter6, pages105-125. SpringefVerlag,
1997.

A. Grgyory, A. State,M. Lin, D. Monocha,and M. Liv-
ingston. Feature-basedurface decompositionfor corre-
spondenceand morphingbetweerpolyhedra.In Computer
Animation’98, pages$4—71.|[EEE ComputerSocietyPress,
1998.

T. Kanai,H. Suzuki,andF. Kimura. Metamorphosi®f ar
bitrary triangular meshes. IEEE ComputerGraphicsand
Applications 20(2):62—752000.

(2]

(3]

(4]

10

(5]

(6]

(7]

(8]

9]

[10]

[11]

[12]

[13]

A. W. F. Lee, D. Dobkin, W. Sweldens,and P. Schibder

Multiresolution meshmorphing. In ComputerGraphics
(ProceedingsSiggraph’99), pages343-350,1999.

A. W. F. Lee, W. Sweldens,P. Schibder L. Cowsar and

D. Dobkin. MAPS: Multiresolution Adaptive Parametriza-
tion of Surfaces. In ComputerGraphics(ProceedingsSig-

graph’98), page95-104,1998.

M. Lounsbery T. D. DeRoseandJ. Warren. Multiresolu-

tion analysisfor surfacesof arbitrarytopologicaltype. ACM

Transaction®n Graphics 16(1):34-73,Jan.1997.

R. Ohhkuchi, Y. Kokojima, and S. Takahashi. Blending
Shapesby Using Subdvision Surfaces. Computes and

Graphics 25(1):41-582001.

Y. Shinagava. A Studyof a SurfaceConstructionSystem
Basedon Morse Theoryand ReebGraph PhD thesis,De-

partmentof Information Science,GraduateSchoolof Sci-

ence University of Tokyo, 1992.

Y. Shinagava, Y. L. Kergosien,andT. L. Kunii. Surface
coding basedon morsetheory |IEEE ComputerGraphics
andApplications 11(5):66—78Sep.1991.

S. Takahashi. Multiresolution Constraintsfor Designing
Subdvision Surfacesvia Local Smoothing. In Computer
Graphicsand Applications(Proc. of Pacific Graphics’99),

pagesl68-178,Los Alamitos, Oct. 1999.IEEE Computer
SocietyPress.

G. Taubin. A signalprocessingpproactto fair surfacede-

sign. In ComputerGraphics (ProceedingsSiggraph '95),

pages351-358,1995.

G. Turk andJ. F. O’Brien. Shaperansformatiorusingvari-

ationalimplicit functions.In ComputerGraphics(Proceed-
ings Siggraph’99), pages335-342,1999.



