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Abstract

Existing data embedding algorithms for polygona
meshes and their attributes can’t be applied to the mgjority
of (geometric) computer aided design (CAD) applications,
for two magjor reasons. First, these CAD systems employ
parametric curves and surfaces, not polygonal meshes, as
their main shape-defining primitives. Second, most CAD
applications do not tolerate modifications of model
topology and/or geometry that are introduced by existing
dataembedding algorithms.

This paper proposes a new data embedding algorithm for
non-uniformrational B-spline (NURBS) curvesand surfaces,
which employs rational linear reparameterization for
embedding messages. The algorithm exactly preserves the
shape, — that is, the geometry and topology — of its
embedding targets. Furthermore, it preserves the data size of
the model. We consider these two properties, preservation
of shape and preservation of data size, can be significant
with regard to the use of data embedding in CAD
applications.

In addition to the shape- and data size-preserving data
embedding agorithm for NURBS curves and surfaces, this
paper outlines additional methods for embedding data in
varioustypes of parametric curves and surfaces.

Keywords: computer-aided design (CAD), information
security, digital watermark, reparameterization.

1. Introduction

Data embedding, or (digital) watermarking, puts
structures called watermarks into digital contents (e.g.,
images) in such a way that the structures do not interfere
with the intended use (e.g., viewing) of the contents. The
watermarks carry information that can be used to manage
the contents, in order, for example, to add annotations, to
detect tampering, or to authenticate rightful purchasers.

Previous studies have focused on data embedding
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techniques for “traditional” digital multimedia content data
types, such astext, image, video, and audio [22, 26, 1, 3, 15,
21, 4, 8, 14, 25]. Recently, as 3D models gain status as an
important multimedia data type [8, 9], data embedding
algorithms for embedding data into 3D models have been
published.

We have published methods for embedding data into 3D
model shape [16, 17, 18]. Out algorithms mainly targeted
shapes defined by using 3D polygonal meshes. Some of our
algorithms embedded data by modifying the vertex
coordinates of meshes. By using geometrical
transformation-invariant quantities, such as the ratios of the
volumes of tetrahedrons, their watermarks are robust against
some of the operations to which 3D models are routinely
subjected, such as, affine transformations. Other agorithms
embedded data by modifying the topology, — that is, the
connectivity — of vertices or triangles, which made the
watermarks  robust against arbitrary geometrical
transformation. We have aso proposed methods for
embedding data in attributes associated with shape, such as
per-vertex texture coordinates [18].

Kanai et al.[10] described an agorithm that employs
multiresolution wavelet decomposition of 3D polygona
mesh models for data embedding. Their watermark
withstands affine transformation, and is fairly robust against
random noise added to vertex coordinates. An example of
fragile watermarking (thisterm will be explained below) for
a 3D model is described in [24], which is a 3D version of
the approach they have proposed previously for 2D image
watermarking. Benedens [2] described a watermarking
agorithm that employs a set of normal vectors derived from
geometric shape of a3D model for embedding.

Hartung et a. [7] have developed a method for
embedding data in MPEG-4 facial animation parameter
(FAP) sequences by using a spread-spectrum technique.
Remarkably, their watermarks could be extracted from a
rendered movie sequence of 2D images. To extract
watermarks, they applied their facial feature tracking system
being developed to generate FAP sequences from video
sequences of real human faces.

These existing data embedding algorithms are not
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suitable, however, for most applications of computer-aided
design (CAD). There are severa reasonswhy thisis so.

First, the majority of CAD models do not employ
polygonal meshes to define shape. They employ parametric
curves and surfaces, such as Bezier or non-uniform rational
B-spline (NURBS) curves and surfaces. Consequently,
previous data embedding algorithms that targeted shapes
defined by polygonal meshes cannot be applied to these
parametric curves and surfaces without modifications.

Second, CAD modelsrarely tolerate changesin geometry
and/or topology that would be introduced by existing data
embedding algorithms. A design for a combustion engine
cylinder that is deformed due to modifications of NURBS
control point coordinates will not be accepted. Changes in
the topology of geometric primitiveswill become aproblem,
for example, in the case of finite element analysis, in which
preservation of the connectivity of elementsis essential.

In this paper, we propose data embedding methods for
parametric curves and surfaces. The contributions of this
paper can be summarized asfollows:

We present an algorithm that embeds data in NURBS
curves and surfaces by using reparameterization. The
algorithm preserves the exact geometric shapes of
given curves and surfaces. In addition, data sizes of the
curves and surfaces remain unchanged after data
embedding.

We outlines various aternative approaches for
embedding data in parametric curves and surfaces that
are not limited to NURBS curves and surfaces. These
approaches are classified according to two properties,
namely, preservation of exact shapes and preservation
of model datasizes.

The rest of this paper is organized as follows. In the
remaining part of this section, we briefly review the concept
of data embedding in general. In Section I, we describe an
algorithm that embeds data in NURBS curves and surfaces
while maintaining their exact shapes and data sizes. In
Section |11, we discuss the implementation of the algorithm
and experimental results obtained by usingit. In Section 1V,
we suggest possible aternatives to data embedding into
parametric curves and surfaces. We conclude in Section V
with asummary and comments on future work.

1.1. Dataembedding

In this paper, we cdl the act of adding a watermark
(data) embedding or watermarking, and that of retrieving
the information encoded in the watermark for perusal
extraction. An object into which information is embedded is
a cdled cover-<datatype>, an object with an embedded
watermark is caled a stego-<datatype>, and the
information embedded is called embedded-< datatype> [22].
The suffix “<datatype>" varies according to the data type,
such as image, text, or 3D model. For example, an
embedded-text is embedded in a cover-NURBS surface to
result in astego-NURBS surface with an embedded-text.

Traditionally, watermarks have been classified by their
visibility (or, more generally, perceptibility) and robustness.
A visible watermark is made intentionally visible to serve
various purposes, such as to deter a third party from
unauthorized sales of contents. On the other hand, an
invisible watermark is imperceptible without mechanica
processing. A robust watermark should be able to withstand
both intentional and unintentional modifications of the
watermarked content. A fragile watermark, on the other
hand, must be adtered by intentiona (and some
unintentional) modifications, so that it can be used to detect
tampering with or damage to the content. Here,
unintentional modifications are the kind that can be
expected to affect a content should during the course of its
intended use, while intentional modifications are the kind
that are applied with an intention of modifying or
destroying the watermark.

The above classification according to the perceptibility of
watermarks assumes that the observers of the cover dataare
humans. In the case of 3D models that are to be processed
further by 3D CAD systems, viewing is more indirect. For
example, only a milled machine part produced by using the
3D CAD model may actually be visible.

Watermarks can also be classified according to their use
of cover data for extraction. If an extraction algorithm
reguiresthe origina cover dataaswell as the stego-data, the
scheme is called private watermarking. Otherwise, the
scheme is called public watermarking. Embedding schemes
by Cox et a [4] or Hartung [7] are examples of private
watermarking.

A watermarking scheme may employ arandom sequence
generator to make an embedded message secure from being
read by a third party. For example, in watermarking of an
image, the positions of pixelsto be modified for watermarks
can be scrambled by a pseudo-random sequence generated
from a stego-key (or stego-keys) by using a public-key
cryptographic method. Scrambling of modulation values
can aso reduce statistical signatures in order to make
watermarking less detectable. At the same time, scrambling
and spreading of modifications for data embedding could
make the watermark more robust against interference, in a
manner similar to spread-spectrum communication. Both
public-key cryptography and shared-key (or private-key)
cryptographic method [13] can be used for this purpose.

Note that digital watermarking technology aone is not
enough to redlize applications of the technology. An
infrastructure, such as an organization to issue verifiable
digital signatures or a trusted place to escrow original
models (i.e.,, models without watermarks) are essential.
Furthermore, as in the case with other security and rights
related technology, digital watermarking requires socia and
legal acceptance. The latter is probably more critical to the
success of digital watermarking, digital signature and other
security-related technology.

Page 2



Computer Graphics International 1999 (CGI '99), Canmore, Canada, June4 - June 11, 1999

2. Dataembedding in NURBS curvesand
surfaces by using repar ameterization

This section presents a private data embedding algorithm
for NURBS curves and surfaces that preserves the exact
geometric shapes as well as the data sizes of models. As a
private data embedding scheme, the algorithm requires both
the original data and watermarked data for extraction
(Figure 1).

The fundamenta idea behind this shape-preserving
algorithm is that a NURBS curve or surface can be
reparameterized without changing its geometric shape. We
will describe details of the algorithm with reference to
NURBS curves. However, as we will explain later, the
algorithms can easily be extended to NURBS tensor product
surfaces. This section defines a NURBS curve and its
reparameterization, then presents a data embedding
agorithm that employsrational linear reparameterization.

A shape-preserving data embedding algorithm isrequired
by most CAD applications, as explained in the previous
section. For example, if a model is deformed even dlightly
as aresult of watermarking, a constructive solid geometry
operation using the model will yield an erroneous resuilt.

An algorithm that preserves data size as well as shape is
generally preferable, to contain communication and storage
costs. In the case of NURBS curves and surfaces, the data
sizes of models are determined mostly by the number of
control points (including weights) and knots. Note that, in
our paper, we consider amodel’s data size to be preserved if
the numbers of control points and knots are unchanged.
However, the exact number of bits of a compressed model
after an idea entropy coding may change after
watermarking by using the data embedding a gorithm.

Text, Stego
number, Message NURBS
etc. model
Cover
NURBS
model
Cover
NURBS
model
Text, number,
pattern, etc.
Stego
NURBS - Message
model

Figure 1. Flow of data in our private data embedding
algorithm for NURBS curves and surfaces, which
requires original cover-NURBS models for extracting
embedded messages.

2.1. NURBS curve

In preparation for the explanation of our data embedding
algorithm, this section defines a NURBS curve. Detailed
explanations of NURBS and other parametric curves and
surfaces can be found in such books as Farin [5] or Piegl
and Tiller [19]. This paper follows the notations of Piegl
and Tiller.

A pth-degree NURBS curve C(u) defines a point that
traces atrajectory in 3D space as the scalar parameter value
U varieswithin therange [a,b] .

AN, (WwP
C(u) ==
é Ni,p(u)vvi

i=0
where a set of control points {P} forms a control polygon
and {w} are the weights. An increase in the weight W
pulls the line closer to the control point P.. N, ,(u) isthe
ith B-spline basis function of degree p (order p+1),
defined recursively as

il if uy Eu<uy,
%O otherwise

ul [a,b], (1)

Ni,o (U) =

u- Ui ui+ +1 - u
Ni,p(U) = U—- Ni, p-l(u) +% Ni +1,p-1(u)' (2)
i+p i i+p+1 i+1
A non-periodic and non-uniform knot vector, which is a
nondecreasing sequence of real numbers, isdefined as

U={a,..a,Us Uy 1,0, B} 3

p+l p+l

where afu, £u,, £b and i=0,..,m-1. Knots in a
NURBS curve are the points (in parameter space) where
rational polynomial curves are grafted together to form a
multi-segment curve.

2.2. Reparameterization of NURBS curve

A NURBS curve C(u) ={x(u), y(u), z(u)} defined on
ul [a,b] isreparameterized by afunction u = f(s) so that
the curve is computed as a function of a new parameter s
instead of the original parameter u. We require that the
function f(s) beincreasing ( f §s)>0 foral sl [c,d] in
which a= f(c¢) and b= f(d)) so that the same point x is
not traced more than once. Detailes on the
reparameterization of NURBS curves and surfaces can be
found, for example, in[23] and [19].

Reparameterization of a parametric curve can be
performed by using a large class of scalar function that
satisfies the condition stated above. Obvioudy, a NURBS
curve reparameterized by using an arbitrary function is in
general not a NURBS. If a reparameterization function
u= f(s) is apolynomial of degree greater than one, the
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resulting function C(s) is a NURBS but it will have a
raised degree, requiring larger numbers of knots and control
points. Datasizeis not preserved if such reparameterization
is employed for data embedding, although model’'s
geometric shape can be preserved.

We chose a rational linear function to reparameterize
NUBRS curves for data embedding. Reparameterization by
using arationa linear function maintains not only the exact
geometric shape of the curve but also its data size, since the
degree of the NURBS curve is not atered.
Reparameterization by using a rational-linear (aias linear
fractional, bilinear, or Mobius) function has been studied by
Lee and Lucian in [11]. We use their results, which are
summarized below.

A rational-linear function g(u) isdefined asfollows.

au+b

S=g(U)=9U+d 4
u=f() = 'ds_+ b o [c.d] )
where f (s) istheinverseof g(u).

We let

mu) =gu+d, |(s9)=g-a (6)

To ensure that g(u) and f(s) are well-behaved, we

assume that

ad-dg >0,

mu)t 0 foralul [ab] ,and (7)

I ()t 0 foralsl [cd]

Then, the reparameterized curve C(s) is obtained as

follows:

- Thecontrol points{P} remain the same.
Thenew knots S; aretheimage under g(u) of the
original knots u,, s, =g(u,).
Thenew weights {W,} (modulo acommon nonzero
factor) are obtained from either Eq. (8) or Eq. (9):

2
W =wOl(s.) ®
\I_Vi :FQL. (9)
O mu,))

=1

where s, ; and u,; arethe new and old knots, respectively.

i
2.3. A NURBScurveasan embedding
primitive

In this paper, we call a minimum unit of modification for
data embedding an embedding primitive. A rationa linear

reparameterization can be applied to a NURBS curve in
order to use the latter as an embedding primitive.

Data can be embedded in the rational linear
reparameterization function g(u) by manipulating the
coefficients a, b, g, and d . Note, however, that the
numbers of degrees of freedom of g(u) is actualy three,
not four, which is obvious when the function is rewritten as
follows:

a
—u+—=
_ _au+b _g g _ku+k,
s= = = = , 10
g(u) w4 LTk (10)
g

where k, =a/g, k, =b/gand k, =d/g .

We find coefficients k;, k,, and k, for encoding data,
such asnumbers. Coefficients k, , k,, and k, are computed
by specifying three points (u;,s), (u,,s,), and (u;,S;)
through which the function g(u) must pass (Figure 2).
Substituting the three pointsin (4) and solving for k, k,,
and k, yieldsthefollowing formula:

K = (US - U,S,)(S - S) - (US - US)(S - S))
(U - u)(s - 8)- (U - Ug)(s - S,)
k, =us; +kss - K, (11)

Kk, = (S - UsS)(Uy - Up) - (WS - US)) (U - Ws)
(ul' u3)(s.l - 32)' (ul - uz)(sl' 53)

While al three degrees of freedom may be manipulated
to encode data, here, we constrain the two endpoints so that
u=s =a and u,=s;,=b. This way, the range of
parameters remains unchanged after the reparameterization.
We encode data in the remaining degree of freedom, by
setting the offset D ='s, - u,. The larger the magnitude of

D, the more the curve of the function s =g(u) deviates

fromthestraight line s=u.

We have to pay attention to the amount of this offset, for
several reasons. With alarge value of D, parameterization
can be skewed, or “bad.” (If the parameterization of acurve
is“good,” aset of pointson acurve isgeometrically evenly
spaced, given a set of uniformly spaced parameter values.)
We should keep D relatively small so that the curves before
and after data embedding have similar parameterization.
With such small D, a curve with a good parameterization
should also have a good parameterization after data
embedding. On the other hand, if D istoo small, it will be
proneto numerical errors. We control the magnitude of D as
aparameter of embedding.

Our experimental implementation employed a simple
method of encoding a number into the offset D . Given the
message datad of size L bits and the predefined range of the
offset [D,,,D,.], the offset D is computed by using the
following formula:

D.. -D. )d+0.5
( max ml:)( ) +Dmin

2 (12)
This D is used to offset an interior knot of the NURBS

D=
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curve. A NURBS curve with not interior knot is a rational
Bezier curve. For the embedding method to work, the curve
must be a NURBS curve, that is, it must have at least one
interior knot. We used the knot in the middle of the knot
vector whose index i in the knot vector is computed from

i = gm/ 2.

Figure 2. Determining a rational-linear function, that
has three degrees of freedom, for reparameterization.

Extraction of awatermark starts with acomparison of the
value of the ith knotsin the knot vectors of the cover-model
(origina model) and the stego-model (watermarked model)
tofind the offset D ='s, - u, . From this value, the original
datad can be recovered by using the above formula (12).

It would be preferable to randomly scramble a message
as it is embedded, so that the embedded bits do not show
telltale patterns in the stego-data. In addition, all the curves
and surfaces in the modd should be reparameterized by
using arandom sequence so that curves and surface patches
modified for embedding can not be distinguished easily
from those without embedding. However, neither of these
features was implemented in our proof-of-concept system.

24. A tensor-product NURBS surface asan
embedding primitive

Up to this point, our explanation of the embedding
algorithm has assumed that NURBS curves are used as its
embedding primitives. It is trivial to extend the method to
include a NURBS surface created as the tensor product of
two NURBS curves as another kind of embedding primitive.

Data embedding due to reparameterization of a NURBS
surface parameterized by u and v can be accomplished by
applying reparameterization as described in the previous
section twice. Two offset values D, and D, computed
from two sets of data to be embedded are used to

reparameterize each of the two NURBS curves used to form
the surface. The offsets D, and D, shiftsinterior knots at
know positions in the two knot vectors for the u and v
parameters. Other knots in the knot vectors and weights of
the control points are adjusted accordingly so that the shape
of the surface remains unchanged.

If aNURBS curveis able to store L bit, a tensor product
NURBS surfaceis able to store twice that amount.

2.5. Ordering embedding primitives

In order to embed a significant amount of information,
eg., tens to hundreds of bytes, multiple embedding
primitives— that is, NURBS curves and surfaces — must
be ordered. Such ordering can be achieved by using the
topology of objects in CAD models for example, by
creating a spanning tree of surface patches and traversing
the tree in a depth-first order. Furthermore, objects in a
CAD model are often numbered sequentially so that various
properties (e.g., color and material) can be associated with
them. Such sequentia identification numbers can also be
employed to order embedding primitives.

Upon embedding, a mapping from a bit string in a
message to an ordered set of embedding primitives can be
scrambled by using a pseudo-random number sequence as
mentioned before. Such scrambling could make the message
secure from third parties, and if combined with repeated
embedding, could make the embedding more robust against
various disturbances.

3. Experiments and Results

We have implemented the shape- and size-preserving
data embedding algorithm for the NURBS curves and
surfaces described in the previous section. Our current
implementation of the agorithm embedded L bits per
NURBS curve and 2L bits per NURBS surface by using a
rationa linear reparameterization. Ordering of multiple
NURBS curves and surfaces is done by assuming that each
curveor surfaceisexplicitly and uniquely numbered.

The code was written in C++, using the OpenGL
graphics APl. It was written as a window-system
independent code by using the GLUT toolkit and the GLUI
user-interface toolkit, so that it runs on both X-
window/UNIX based systems and on Windows NT/95
systems without modification.

Figures3 (a)—(d) show the effects of reparameterization
of a third-degree NURBS curve with one interior knot by
using arational linear function with varying offset D. The
straight line segments are the control polygon, in which the
control points are marked with circles. The curve is marked
with 10 markers, which correspond to 10 uniformly spaced
parameter values in the range [a, b]. For both the original
and the reparameterized curves, parameterizations are
indicated, respectively, by cross and rectangular markers.

A curve reparameterized by using a smaller offset value
D =0.01 showed parameterization similar to the origina
curve. However, a curve reparameterized with a larger
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offset, such as D=0.5, showed a clearly skewed
parameterization. The range of the offset D used for
embedding needs be controlled so that the resulting
reparameterization is not too skewed.

Figure4 shows the NURBS curve with a L =8-hit
message embedded. The 8-bit message was embedded in a
double precision (64 bit) floating-point number that is used
to represent the knot value internally. While 8 bits are not
very useful on their own, a set of such embedding
primitives can be ordered by using an ordering method to
embed a larger, useful amount of data. Figure5 shows an
example of reparameterizing a NURBS tensor product
surface, which has degree 3 in both u and v. The offsets
used for the reparameterization are D,= 0.001 and D,= 0.02
for the parameters u and v, respectively. Figure 6 shows an
example of 16-bit data in the form of two characters “az”
embedded into the same NURBS suaface. The amplitude of
the offsss D is set intentionaly high, a
[D,,., D,.]=[0.001, 0.01], to make the close-up reveal the
effects of the reparameterization. Withthe L=8, D, can
be set much lower without compromising the stability of
dataembedding.

(a) Offset D = 0.01 (b) Offset D = 0.5

(c) Letter “I” embedded. (d) Letter “z” embedded.

Figure 3. Examples of reparameterization of a NURBS
curve with offsets (a) D =0.01, (b) D=0. 5. In these
figures, crosses mark the original and the rectangles
mark the reparameterized curve at ten equally spaced
parameter values. In figures (c) and (d), letters “I” and
“z” in ASCII code are embedded.
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Figure 4. A NURBS surface of degree 3 in both u and
Vv is reparameterized with D,= 0.001, D,= 0.02, shown
with a simple user interface.
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(b) A 2-byte string “aZ” was
embedded in the surface.

(a) Reaprameterized with
D,=0.01, D,=0.001.

Figure 5. Close-up of the surface of Figure 4. In (a),
the surface is reparameterized with D,=0.01,
D,= 0.001. In figure (b), a 2-byte string “az” was
embedded in the surface.

4. Alternative data embedding approaches for
parametric curves and surfaces

In this section, we suggest various possible approaches to
embedding data in parametric curves and surfaces that
include Bezier, rational Bezier, B-spline, and other curves
and surfaces, aswell as NURBS curves and surfaces.

We classify the data embedding approaches outlined in
this section by using two properties of embedding methods:
preservation of model shape and preservation of model data
size. A shape-preserving method preserves the exact shape
of an original model, while a shape-altering method altersit.
A size-preserving method retains the original data size after
embedding, while a size-altering method changes it. These
classifications are orthogonal.
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As we discussed previously, shape-preserving data
embedding is desired for most CAD applications. Size-
preserving methods preserve the amounts of data occupied
by parametersthat define curves or surfaces, such as control
points and knot vector elements. By “ data size preserving,”
we mean that the numbers of these parameters remain
unchanged. Their exact values, and hence the exact number
of bits of the model after an ideal entropy coding, may
change. The size-preservation property is preferable, for
example, for communication and/or storage efficiency.

Please note, in the following, that a discussion relating to
atype of curve can aso be applied to a surface generated as
atensor product of curves of that type.

4.1. Shape-preserving, size-altering methods

Data embedding that preserves the shape, but dters a
model’ s data size can be realized by injecting redundancy
into representations of parametric curves and surfaces. Such
redundancy injection can be achieved by using such
techniqgues as knot insertion, degree elevation, and
reparameterization which involves degree elevation.

Knot Insertion: For those parametric curves with
multiple spans, such as nonrational B-spline curves and
NURBS curves, new knots can be inserted into the
curve. The values of the inserted knot, the mere
presence of the new knot, or the location of the new
knot in the knots vector could encode information to be
embedded.

Degree Elevation: For nonrational curves, such as
Bezier and B-spline curves, elevating the degree of a
curve introduces new control points. For example, the
amount of the increase in degree or the locations of
new control points could encodeinformation.
Reparameterization Involving Degree Elevation:
Reparameterization by using a polynomia or rationa
polynomial of adegree greater than one can be applied
to rational parametric curves, such as rational Bezier
and NURBS curves. Such reparameterization will raise
the degree of the curve, introducing new control points
and knots, and increasing the data size.

If we assume shape preservation, finding and removing
knots and/or control points inserted for data embedding
from those that are in the origind modd can be quite
difficult. Thus, data embedding methods suggested in this
subsection could be more robust than the method we have
described in Section2 that employs reparameterization.
Note, however, that the increase in data size due to
embedding can be a significant disadvantage for some of
the applications.

4.2.  Shape-altering, size-preserving methods

If exact shape preservation is not an issue, additional
approaches exist for embedding information into parametric
curves and surfaces.

Modulation of Control Points and/or Weights. The
control pointsfor a curve (tensor-product surface) form
aone-dimensiona (two-dimensional) ordered set of 3D
or 4D points. These values can be modulated, asif they
were simply regularly ordered sets of floating point
values. Maodulation of control points is applicable to a
large class of parametric curves and surfaces, including
Bezier, rationa Bezier, B-spline, and NURBS curves
and surfaces.

Knot Vector Modulation: The values of knots in a
knot vector, which is an ordered 1D sequence of scalar
values, can be modified to encode information. This
method is applicable to parametric curves with knots,
such as B-spline and NURBS curves and surfaces.

Note that the modulation of values, such as control point
coordinates, weights, and knot values may be performed
either in their original domain or in a transformed domain.
For example, a watermarking agorithm that modifies
control point coordinates for the embedding can be
combined with a lossy compression algorithm for curved
surfaces that employs discrete cosine transformation for its
compression (e.g., [12]).

If shape alterations are tolerated, approaches suggested in
this section could be used as basis for robust data
embedding algorithms.

5. Summary and future work

This paper has presented an algorithm that embeds data
in rational parametric curves and surfaces, particularly,
NURBS curves and surfaces, by using reparameterization.
We employed rationa linear reparameterization, since it
enables data embedding that preserves the exact geometric
shapes of the NURBS curves and surfaces as well as their
datasizes.

This paper also suggested aternative approaches for
embedding data in parametric curves and surfaces that are
not limited to NURBS. These approaches are classified
according to their shape-preservation and size-preservation
properties. Knot insertion and degree elevation are among
possible alternative data-embedding methods that preserve
shape but alter datasize.

In the future, we would like to incorporate linear rationa
B-spline  reparameterization  function  into  our
implementation so that the data density is improved. We
aso would like to implement the aternative data-
embedding approaches outlined in outlined in Section V.
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